This paper solves the optimal investment and consumption strategies for an ambiguity-averse agent in an incomplete financial market. The agent seeks her best and robust strategies via optimizing her robust forward investment and consumption preferences. The market incompleteness arises from investment constraints of the agent. Her robust forward preferences and the associated optimal strategies are represented via infinite horizon BSDEs.
Introduction
Continuous-time optimal investment and consumption problem was first studied by Merton in [29, 30] . In this classical trade-off problem, a price-taking agent seeks the best dynamic allocation of her wealth between the investment in a financial market for future potential growth of the wealth, and the consumption for her instantaneous benefit. Since the seminal works by Merton, the classical optimal investment and consumption problem has been substantially generalized. See, for instance, [24, 9, 25, 2, 12, 8, 7] and the references therein.
Generally speaking, the agent in the above mentioned works decides her investment and consumption strategies via optimizing her expected inter-temporal consumption and terminal wealth preferences:
, where π and C are respectively her investment and consumption strategies, T is the terminal time evaluating her wealth, U c and U are the preferences evaluating respectively her instantaneous consumption benefit and terminal wealth, and X π,C is her wealth employed the investment and consumption strategies (π, C). Hence, to formulate the above problem, the agent has to first fix the terminal time T , or equivalently the investment and consumption horizon [0, T ]; the agent then needs to a priori choose her inter-temporal consumption and terminal wealth preferences U c and U . However, the implementation of the above optimal investment and consumption strategies (π * , C * ) has been criticized, for the agent might not pre-specify an investment and consumption horizon before making any decisions at time 0. Most importantly, the above optimal dynamic strategies (π * , C * ) determined by the agent at time 0 depend on her assumed time-dependent preferences U c and U in the future. These intuitively contradict how the agent should make her investment and consumption decisions in practice.
Without the element of consumption, Musiela and Zariphopoulou, in a series of their works [31, 32, 33, 34, 35, 36] , proposed to determine the optimal investment strategy π * for the agent, via optimizing her expected forward investment preference U : for any terminal time T ,
Instead of assuming her future wealth preference in prior as in the classical framework, the agent should first specify her wealth preference at time 0. Via the super-martingale sub-optimality and martingale optimality principles (see Definition 1 below, with λ = 0), the agent's forward investment preference is then generated forwardly. Due to this forward nature, the agent can pick her optimal investment strategy π * , without pre-defining at time 0, her investment horizon and her future wealth preference. A similar concept called horizonunbiased utility was also introduced by Henderson in [17] , and Henderson and Hobson in [18] . For a dual characterization of forward investment preference, see [45] byŽitković. For recent developments of forward investment preference, together with its applications in finance and insurance, see [44, 14, 38, 10, 41, 26, 37, 1, 11, 23] and the references therein.
Building upon the works by Musiela and Zariphopoulou, Berrier and Tehranchi in [3] proposed to determine the optimal investment and consumption strategies (π * , C * ) for the agent, via optimizing her expected forward investment and consumption preferences U and U c : for any terminal time T , sup (π,C)
Again, due to the nature of forward generation for the preferences, the agent can solve her optimal investment and consumption strategies (π * , C * ), without pre-specifying at time 0, her investment and consumption horizon, as well as her future wealth and consumption preferences. Indeed, her optimal investment and consumption strategies (π * , C * ) are obtained as by-products upon constructing her forward investment and consumption preferences (see Definition 1 below). In [3] by Berrier and Tehranchi, the forward preferences were characterized using convex duality, while forward preferences with zero volatility were shown to satisfy a random PDE. In [22] by Källblad, the forward preferences were characterized in SPDE, while zero volatility forward preferences were related to the Black's inverse investment problem. El Karoui, Hillairet, and Mrad, in their work [15] , linked solutions between the SDE and the SPDE of forward preferences.
This paper contributes to further study forward investment and consumption preferences. Specifically, we initiate the construction of robust forward investment and consumption preferences with (non-)zero volatility, and the associated robust optimal investment and consumption strategies, in an incomplete financial market with general investment portfolio constraints.
Regardless of incorporating model uncertainty into the preferences and optimal strategies, to the best of our knowledge, the investigation of non-zero volatility forward investment and consumption preferences, in such a general financial market framework, has been absent in the literature [3, 22, 15] . As the first contribution, this paper tackles the difficulties arising from general investment portfolio constraints for the financial market incompleteness. Essentially, with the investment constraints, the SPDE (see Equation (4) below) and the infinite horizon BSDEs (see Equations (5) and (13) below), characterizing the preferences and optimal strategies, become, respectively, fully non-linear and quadratic. In particular, comparing to Equation (9) in [22] , we generalize the SPDE representation for the forward investment and consumption preferences, and the associated optimal strategies.
The second contribution of this paper stems from our methodology. After deriving the SPDE representation, which is mainly to motivate the volatility process of the forward preferences, instead of working on the SPDE directly as in [15] , we use exclusively results from infinite horizon BSDEs to construct the CRRA type (non-)zero volatility forward preferences, and the associated optimal investment and consumption strategies (see Theorems 3, 6 , and 8 below). The solutions Z in the infinite horizon BSDEs correspond to the volatility processes of the forward preferences. By incorporating the element of consumption, Theorem 3 in this paper is a natural extension of Theorem 3.6 in [26] . Herein, the new element is the introduction of ODEs coupled with infinite horizon BSDEs, to represent the forward investment and consumption preferences, and the associated optimal strategies. The reason of coupling the ODEs with the infinite horizon BSDEs, is to ensure the drivers of the BSDEs satisfying the strict monotonicity condition, which is essential for the unique existence of solution by applying the existing theory of infinite horizon BSDE.
Thirdly, this paper contributes on the robustness of the forward investment and consumption preferences, and the associated optimal dynamic strategies. Under the classical optimal investment (and consumption) framework, model uncertainty has been incorporated in, for instance, [19, 5, 20, 40, 13, 42, 27, 28, 16, 4, 43, 39] . Recently, Källblad, Ob lój, and Zariphopoulou in [23] introduced and studied the robust forward investment preference. With the element of consumption, this paper proposes to determine the robust optimal investment and consumption strategies (π * , C * ) for the ambiguity-averse agent, via optimizing her expected robust forward investment and consumption preferences U and U c : for any terminal time T ,
where b and σ are respectively the drift and volatility processes of the risky stocks in the financial market, and X π,C;b,σ is the wealth of the ambiguityaverse agent, employed her investment and consumption strategies (π, C), with the realized drift and volatility (b, σ) from the financial market. In other words, the ambiguity-averse agent chooses the optimal dynamic strategies under the worst-case scenario. Inspired by the saddle-point argument under the classical framework (see, for example, [19, 20, 40, 42, 43] ), the robust forward investment and consumption preferences of the agent are generated forwardly via, not only the standard super-martingale sub-optimality principle (in terms of strategies) and martingale optimality principle (in terms of strategies and uncertain parameters), but also the novel sub-martingale sub-optimality principle (in terms of uncertain parameters). See Definitions 4 and 7 below for the precise mathematical formulation. This paper is organized as follows. Section 2 specifies the financial market model with general investment portfolio constraints. Section 3 recalls the definition of forward investment and consumption preferences for an ambiguityneutral agent, which are then characterized by an SPDE; Section 4 constructs the CRRA type forward investment and consumption preferences, for the ambiguity-neutral agent, using an infinite horizon BSDE; Section 5 defines forward investment and consumption preferences for an ambiguity-averse agent, and constructs her CRRA type preferences, using an infinite horizon BSDE. An example with the explicit robust optimal investment and consumption strategies, in terms of a saddle point coupled with the worst-case drift and volatility, is also illustrated in Section 5. This paper concludes in Section 6.
The Market Model
Let W t , t ≥ 0, be a d-dimensional Brownian motion on a probability space (Ω, F , P). Denote F = {F t } t≥0 as the augmented filtration generated by W . We consider a financial market of a risk-free bond offering a constant interest rate r ≥ 0 and d risky stocks. The stock price processes S i t , t ≥ 0, solve, for i = 1, . . . , d, for any t ≥ 0,
where b i and σ i are uniformly bounded F-progressively measurable processes taking values in R and R 1×d . Denote the volatility matrix by σ with rows σ i , i = 1, . . . , d. Throughout this paper, assume that the volatility matrix σ is invertible almost surely. Define the market price of risk θ t , t ≥ 0, by
which uniquely solves the equation σ t θ t = b t − r1, t ≥ 0. Assume, throughout this paper, that the market price of risk θ is uniformly bounded. Sufficiently, assume that the inverse of the volatility matrix σ −1 is uniformly bounded. In this general market environment, an agent, who has an initial endowment x ∈ R, can choose to consume and invest dynamically among the risk-free bond and the risky stocks. Let
tr , t ≥ 0, be the amounts of her wealth in the risky stocks; and let C t , t ≥ 0, be her consumption rate. Then, by self-financing, her wealth process X π,C t , t ≥ 0, satisfies, for any t ≥ 0,
, t ≥ 0, as the set of admissible investment and consumption strategies in [0, t], which is defined by, for any t ≥ 0,
where Π is a closed and convex subset in R d including the origin 1 0 ∈ R d , and D 2 is a subset in R. The set of admissible investment and consumption strategies for all time t ≥ 0 is, in turn, defined by A = ∪ t≥0 A [0,t] . The integrability condition in A is to ensure that the (stochastic) integrals in (1) are well-defined. The admissibility of the investment and consumption strategies, such as the choice of the subsets D 1 and D 2 together with other integrability conditions, will be further confined when a particular class of preferences for the agent is considered.
The above model includes the incomplete financial market framework, in the sense that the number of available risky stocks n could be less than the dimension d of the Brownian motion. Indeed, if the financial market only consists of n(< d) risky stocks, we could artificially construct d − n pseudo risky stocks which satisfy the assumptions above, and define the investment constraint set Π by Π n × {0} d−n , where Π n is a closed and convex subset in R n including the origin 0 ∈ R n . Therefore, without loss of generality, we consider the financial market model with n = d.
Forward Investment and Consumption Preferences
Given the above general financial market environment, in this section, we recall the definition of forward investment and consumption preferences, and the associated optimal investment and consumption strategies, introduced by Berrier and Tehranchi in [3] , and further studied in [22] and [15] .
is called forward investment and consumption preferences if they satisfy all of the following properties:
and {U c (ω, C, t)} ω∈Ω,t≥0 are F-progressively measurable;
(ii) for each ω ∈ Ω and t ≥ 0, {U (ω, x, t)} x∈D1 and {U c (ω, C, t)} C∈D2 are strictly increasing and strictly concave; (iii) for any admissible investment and consumption strategies (π, C) ∈ A,
and there exists an optimal investment and consumption strategies
The pair of forward investment and consumption preferences is parametrized by a constant λ ≥ 0. When λ = 0, i.e., without the element of consumption, the definition reduces to the forward investment preference, which was first introduced by Musiela and Zariphopoulou in a series of their works [31, 32, 33, 34, 35, 36] . For a comprehensive motivation and discussion for the theory of forward preferences, see [31] - [36] and [3, 22, 15] , as well as the introduction section in this paper.
In particular, the forward investment preference, and the forward investment and consumption preferences, were characterized by SPDEs in, respectively, [36] and [22] , with the novel element of volatility processes. Instead of implicitly being determined by the dynamic programming principle as in the classical framework, the volatility of forward preferences is chosen by the agent, and is regarded as her belief on how her preference in the performance criterion is going to change in the future. To this end, suppose that the forward investment component U (x, t) admits an Itô's decomposition:
for some F-progressively measurable processes b and a taking values in R and R d . Assuming enough regularity for the drift and volatility processes b and a, by Itô-Wentzell formula, for any admissible investment and consumption strategies (π, C) ∈ A,
Note that, by the concavity of U in x,
with the equality holds with
Also, note that
whereÛ c is the Legendre transformation of U c with respect to the variable C, with the equality holds with
In order for processes U (x, t) and U c (C, t) to satisfy the super-martingale suboptimality and martingale optimality principles in Definition 1, the drift process b must be in the form of
in which the optimal investment and consumption strategies for the martingale optimality principle are given by π * in (2) and C * in (3). Therefore, the forward investment and consumption preferences U (x, t) and U c (C, t) should satisfy the following fully non-linear SPDE:
This SPDE is solved forwardly in time t, with the given initial condition U (x, 0), which is the wealth preference of the agent at the initial time 0. Note the dependence of the forward consumption component U c and the volatility process a of the forward investment component in the drift process b of the forward investment component. Leaning on the choice of the volatility process a of the forward investment component by the agent, this SPDE needs not to admit a unique solution, so the equation is actually ill-posed. In view of this, as in [26] , we bypass the difficulties generated by the ill-posedness of the SPDE, via constructing the homothetic forward investment and consumption preferences directly from solutions of a family of infinite horizon BSDEs. By homothetic forward preferences, they are of the multiplicative form that there exist F-progressively measurable processes K t and K c t , t ≥ 0, such that
for some initial preferences U (x, 0) and U c (C, 0). Therefore, the construction is on the multiplicative processes K and K c which are independent of the spatial variables x and C. The motivation of constructing the homothetic forward preferences is that, in the classical framework with mathematically tractable utilities of exponential, logarithm, and power, the value functions, also known as backward preferences, are homothetic (see, for instance, [21] and [8] ).
CRRA and Stationary Consumption Preferences
In this section, we construct the homothetic class of forward investment and consumption preferences with the preferences at the initial time 0 given by the constant relative risk aversion (CRRA) type:
, and U c (C, 0) = C δ δ for x ∈ D 1 = R + and C ∈ D 2 = R + , for some risk aversion parameter δ ∈ (0, 1). Moreover, for mathematical tractability, we consider the stationary forward consumption preference that, for any t ≥ 0,
As in the classical framework under CRRA preferences, we shall confine our investment and consumption strategies which are linear in the wealth process: for any t ≥ 0, π i t = p i t X t , and C t = c t X t , for some processes p i and c. Hence, the wealth process of the agent satisfies, for any t ≥ 0,
Moreover, with the CRRA preferences, the admissible investment and consumption strategies are further confined to those lying in A = ∪ t≥0 A [0,t] , where, for any t ≥ 0,
with the driver 
Z is F-progressively measurable and
In particular, for any t ≥ 0,
Proof. By the uniform boundedness of θ, the property that Π is a closed and convex subset in R d including the origin 0 ∈ R d , and the Lipschitz continuity of the distance function, there exists a constant K > 0 such that, for any t ≥ 0, y ∈ R, and
Moreover, F is monotone in y, in the sense that, for any t ≥ 0, y 1 , y 2 ∈ R, and
Therefore, the driver F in (6) satisfies Assumption A1 in [6] , and hence, we conclude by Theorem 3.3 in [6] .
be the solution of the infinite horizon BSDE (5) . Let g t , t ≥ 0, be a process which satisfies the ODE:
with g 0 = Y 0 . Then the pair of processes
defined by
are forward investment and consumption preferences, with the associated optimal investment and consumption strategies (p * , c * ) given by, for any t ≥ 0,
Moreover, the volatility process of the forward investment and consumption preferences is
It may seem arbitrary to introduce a parameter ρ > 0 in the infinite horizon BSDE (5), since the forward investment preference in Theorem 3, after all, involves Y −g, where g ′ in (7) consists of the term ρY . However, the introduction of the parameter ρ > 0 is to ensure that the driver (6) of the infinite horizon BSDE (5) is strictly monotone in y. Indeed, if we defineỸ t = Y t − g t , t ≥ 0, then
Since the driver is obviously not strictly monotone inỹ, this infinite horizon BSDE is not well-posed. Proof. We only have to check the condition (iii) in Definition 1 as other conditions are obviously true. For any (p, c) ∈ A, define the process
The process R p,c satisfies, for any t ≥ 0,
First note that
Furthermore,
Therefore, by the definition of the driver F in (6) and the ODE (7) that the process g t satisfies,
Then, for any (p, c) ∈ A, by the fact that, for any t ≥ 0, t 0 |p s | 2 ds < ∞ Pa.s., and by Proposition 2 that Z ∈ L 2,−2ρ [0, ∞), the process R p,c is a local super-martingale. For instance, the sequence of F-stopping times could be the localizing sequence:
Since, for any (p, c) ∈ A, the process R p,c is non-negative, by Fatou's lemma, it is a proper super-martingale, i.e.,
which deduces the first part of condition (iii) in Definition 1.
We first show that (p * , c * ) given in (8) is admissible. Firstly, p * is Fprogressively measurable since the process Z from the solution of the infinite horizon BSDE (5), the volatility matrix σ, and the market price of risk θ are F-progressively measurable; c * is F-progressively measurable since the process Y from the solution of the infinite horizon BSDE (5) is F-progressively measurable. Secondly, for any t ≥ 0, p * t ∈ Π and c * t ≥ 0; since the optimal wealth process satisfies
where
θ s ds, t ≥ 0, is a Q-Brownian motion, and, by the uniform boundedness of θ, Q is a P-equivalent probability measure defined on F by, for any t ≥ 0,
Thirdly, by the property that Π is a closed and convex subset in R d including the origin 0 ∈ R d , for any t ≥ 0,
Since θ and σ −1 are uniformly bounded, and by Proposition 2 that Z ∈ L 2,−2ρ [0, ∞), we conclude that, for any t ≥ 0, t 0 |p * s | 2 ds < ∞ P-a.s.; note that the non-linear ODE (7) for the process g t can be linearized via the transformation:g t = e − g t 1−δ , which satisfies the linear ODE:
From this linear ODE, the transformed processg t can be solved explicitly: for any t ≥ 0,g t = e Therefore, the transformed processg t is continuous in t ≥ 0, so is the process g t in t ≥ 0. By the extreme value theorem, for any t ≥ 0, the process g s is bounded in s ∈ [0, t]: K 1 (t) ≤ g s ≤ K 2 (t), for some constants K 1 , K 2 depending on t. Therefore, together with the uniform boundedness of Y , for any t ≥ 0, 1−δ t < ∞ P-a.s., for some constant C. Finally, for any t ≥ 0,
To show that the above quantity is finite, let τ be any F-stopping times with τ ≤ t. By the definition of the probability measure Q given in (10), the uniform boundedness of θ, the Hölder's inequality, the optimal wealth process X p * ,c * given in (9), the uniform boundedness of σ, and the fact that
for some constants M 1 , M 2 depending on t, where the last inequality is due to the Optional Sampling Theorem and the fact that the positive Doléans-Dade exponential Q-local martingale is a Q-super-martingale. Therefore,
These showed that (p * , c * ) ∈ A. Therefore, there exists a pair of admissible (p * , c
which, by the fact that, for any t ≥ 0, t 0 |p * s | 2 ds < ∞ P-a.s. and by Proposition 2 that Z ∈ L 2,−2ρ [0, ∞), implies that the process R p * ,c * is a local martingale. For any t ≥ 0, let τ be any F-stopping times with τ ≤ t. Due to the above estimate for E X
. Define a positive, increasing, and convex function φ :
by similar arguments in obtaining the estimate for E X p * ,c * τ δ , for any Fstopping times τ with τ ≤ t,
Taking supremum among any F-stopping times τ with τ ≤ t,
Therefore, for any t ≥ 0, the class of random variables
: τ are all F-stopping times with τ ≤ t ,
is uniformly integrable, and hence the transformed optimal wealth process X p * ,c * τ δ is of class (DL). Moreover, since the process Y is uniformly bounded, the process g is continuous, and the class of Lebesgue integrals is uniformly integrable, the process R p * ,c * is also of class (DL). Therefore, together with the fact that R p * ,c * is a local martingale, it is a proper martingale, i.e.,
which deduces the second part of condition (iii) in Definition 1.
Observe that the forward investment preference satisfies
Comparing the SPDE in (4), we have the volatility process
Note that the forward investment preference U can be further written as
When λ = 0, i.e., without the element of consumption, the above representation reduces to the one in Theorem 3.6 in [26] :
ρYsds .
Indeed, with incorporating the consumption by the agent, the extra term in the above representation is actually obtained from optimizing the forward consumption preference, which in turn affects the forward investment preference.
CRRA and Stationary Consumption Preferences with Uncertain Parameters
In previous sections, the drift vector b and volatility matrix σ for the stock price processes were assumed to be exogenously given. However, the agent usually encounters the uncertainties for the average growth rate and the volatility of the stock prices in the financial market. Therefore, when determining her optimal investment and consumption strategies, the agent should take these model uncertainties into account. In this section, we construct the homothetic class of forward investment and consumption preferences with uncertain parameters. We shall study the case with only drift uncertainty, followed by the case with both drift and volatility uncertainties. The main technical difference comparing to the previous sections is the definition for the forward investment and consumption preferences. In particular, inspired by the worst-case scenario stochastic optimization problem under the classical expected utility framework in [19, 20, 40, 42, 43] , an additional principle of sub-martingale sub-optimality with respect to the uncertain parameters should be imposed to the definition.
Drift Uncertainty
Due to the drift uncertainty, the wealth process of the agent X p,c;b t , t ≥ 0, depends on, not only her choices of the investment and consumption strategies (p, c), but also the market-realized drift process b for the stock prices. By selffinancing, her wealth process X p,c;b satisfies, for any t ≥ 0,
Although the agent is uncertain of the realized drift process b, suppose that she believes that it is uniformly bounded by b and b, for some constant vectors b, b ∈ R d . Thus, define the set of possibly realized drift processes in the financial market by
Denote the set of admissible investment and consumption strategies of the agent by A = ∪ t≥0 A [0,t] , where, for any t ≥ 0,
Together with the additional requirements on the non-negative range for the wealth process X p,c;b , the integrability condition for the consumption rate C, and the Class (DL) condition, define
is uniformly integrable, ∀ t ≥ 0 , where δ ∈ (0, 1) is the risk aversion parameter of the agent and, for any t ≥ 0,
is the set of all F-stopping times with τ ≤ t.
Given this financial market environment with the uncertainty on the drift process for the stock prices, the conservative agent should optimally invest in the financial market and consume, under the worst-case scenario resulting from the unknown drift. The following is an extended definition of the forward investment and consumption preferences, with an additional sub-martingale sub-optimality principle with respect to the uncertain drift. (i) for each x ∈ R + and C ∈ R + , {U (ω, x, t)} ω∈Ω,t≥0 and {U c (ω, C, t)} ω∈Ω,t≥0 are F-progressively measurable;
(ii) for each ω ∈ Ω and t ≥ 0, {U (ω, x, t)} x∈R+ and {U c (ω, C, t)} C∈R+ are strictly increasing and strictly concave; (iii) there exists a saddle-point for the optimal investment and consumption strategies and the worst-case drift (p * , c * ; b * ) ∈ C such that, for any admissible investment and consumption strategies (p, c) ∈ A with (p, c; b
for any possible drift b ∈ B with (p * , c
In the following, we shall construct the homothetic class of forward investment and consumption preferences with drift uncertainty, for a given initial CRRA preferences and stationary consumption preferences, with the risk aversion parameter δ ∈ (0, 1). Since the technical details in the following proofs are in line with previous sections, we shall only demonstrate the essential parts for incorporating the drift uncertainty.
To this end, for any ω ∈ Ω, t ≥ 0, z ∈ R d , define
The function H has saddle points, given by the process
and the processes, for each i = 1, . . . , d, for any t ≥ 0,
, where the i-th superscript represents the i-th component of
Note the dependence of a saddle point (p
Denote the saddle value of the function H by H(t, z) = H(p * , b * ) to emphasize its dependence on ω ∈ Ω, t ≥ 0, z ∈ R d . Again, we shall make use of an infinite horizon BSDE, where the solution will represent the robust forward preferences and the associated optimal strategies.
Proposition 5 Let ρ > 0. Consider the infinite horizon BSDE
with the driver
Then, the infinite horizon BSDE (13) admits the unique solution (Y, Z), such that Y is F-progressively measurable and uniformly bounded, while Z ∈ L 2,−2ρ [0, ∞). In particular, for any t ≥ 0,
Proof. Note that the saddle value H can be written as, for any
Hence, for any z 1 , z 2 ∈ R d , with the respective argument infimum b *
with a similar estimate for the lower bound. Therefore, by the above estimates, the uniform boundedness of b * and σ −1 , the property that Π is a closed and convex subset in R d including the origin 0 ∈ R d , and the Lipschitz continuity of the distance function, there exists a constant K > 0 such that, for any t ≥ 0, y ∈ R, and
Therefore, the driver F in (14) satisfies Assumption A1 in [6] , and hence, we conclude by Theorem 3.3 in [6] .
Theorem 6 Let ρ > 0. Let (Y, Z) be the solution of the infinite horizon BSDE (13) . Let g t , t ≥ 0, be a process which satisfies the ODE:
are forward investment and consumption preferences with drift uncertainty, with the associated optimal investment and consumption strategies (p * , c * ) given by, for any t ≥ 0,
where p * (·) is given by (11) . Moreover, the volatility process of the forward investment and consumption preferences with drift uncertainty is
Note that the optimal investment strategy p * is implicitly defined via the worst-case drift b * in (12) . However, one can readily obtain the existences of the processes p * and b * , via a standard application of Intermediate Value Theorem. In particular, we shall illustrate an example with explicit solutions in the next subsection. Proof. Let (p * , c * ) defined by (16) , and the process b * t , t ≥ 0, defined by, for any t ≥ 0, b * t = b * t (Z t ), where b * (·) is given by (12) . Following similar arguments as in Theorem 3, except using the facts that b * and σ −1 are uniformly bounded instead of using the uniform boundedness of θ, yields that (p * , c 
For any (p, c) ∈ A with (p, c; b * ) ∈ C, for any t ≥ 0, H(p, b * ) ≤ H(t, Z t ), with the equality holds with
Furthermore, for any t ≥ 0,
By the definition of the driver F in (14) and the ODE (15) that the process g t satisfies, for any t ≥ 0, is uniformly integrable, ∀ t ≥ 0 , where δ ∈ (0, 1) is the risk aversion parameter of the agent and, for any t ≥ 0, T [0, t] is the set of all F-stopping times with τ ≤ t.
The following is an extended definition of the forward investment and consumption preferences, with an additional sub-martingale sub-optimality principle with respect to the uncertain drift and volatility.
The non-linear ODE (17) admits the unique solutionỸ . Indeed, the ODE can be linearized via an exponential transformation: A t = eỸ Note that the optimal investment strategy p * , the worst-case drift b * , and the worst-case volatility σ * are all constant over time; but, as long as K = λ 1 1−δ , the optimal consumption strategy c * is strictly monotone in time, as discussed above. Although the optimal investment strategy p * and the worst-case drift b * are both constant over time, they vary depending on the values of the riskfree rate r, the lowest possible drift b, and the greatest possible drift b; in particular, if the risk-free rate r lies between the the lowest possible drift b and the greatest possible drift b, the agent should optimally invest all of her wealth into the risk-free bond for all time. Finally, the worst-case volatility σ * attains its upper-bound σ.
Concluding Remarks and Extensions
In this paper, we have solved the optimal investment and consumption strategies for ambiguity-neutral and ambiguity-averse agents who adopt forward preferences. We have characterized the forward investment and consumption preferences for the ambiguity-neutral agent in terms of an SPDE, in the presence of investment constraints, to introduce the volatility process of forward preferences. Using the element of infinite horizon BSDEs, coupled with ODEs, we have constructed the CRRA forward investment and consumption preferences and the associated optimal strategies, for both the ambiguity-neutral and ambiguity-averse agents. We have also illustrated an example with an explicit saddle-point for the optimal investment and consumption strategies and the worst-case drift and volatility of risky stocks in the financial market.
The approach and the results herein may be extended in at least two directions. Firstly, on top of the investment constraints, one should consider a consumption constraint for the agent as well. This is mathematically tractable by adding appropriate consumption bounds on the corresponding ODEs and the optimal consumption strategy (see, for instance, [8, 43] ). Secondly, one may investigate the possibility of constructing non-stationary consumption preferences using the element of BSDEs. This is undoubtedly a very important extension, since any preferences of the agent are unlikely to be stationary over time. This mathematically challenging but practically meaningful generalization is left for future research.
